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FOREWORD

This document is the First Semiannual Report prepared by Republic

.Aviat‘ion Corporation under NASA Contract No. NAS8-2605, ""Research Re-’
garding Guidance and Space Flight Theory Relative to the Rendezvous Prob-

lem." The contract was initiated and is monitored by W. Miner and R. Hoelker
of the Aeroballistics Laboratory, George C. Marshall Space Flight Center.

The document will appear in slightly different format as a part of PROG-"
RESS REPORT NO. 2 ON STUDIES IN THE FIELDS OF SPACE FLIGHT AND
GUIDANCE THEORY, sponsored by the Aeroballistics Division of the Marshall
Space Fl_ight'Ce‘nter.

- The report was prepared by Dr. Mary Payne and Mr. Samuel Pines of
Republic's Applied Mathematics Section, Applied Research and Development
Center. ‘The authors wish to express their appreciation for many helpful
discussions with Mr. Elie Lowy and Dr. George Nomicos and 'the_y.especially

 want to thank Dr. John Morrison whose comments, from the inception of the

~ problem, have been most illuminating.
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NOTATION

Position vector of the vehicle relative to the barycenter in a coordinate
system fixed in space .

' Position vector of the vehicle relative to the earth

Position vector of the vehicle relative to the moon
Position vector of the vehicle relative to the barycenter in a rotating
system

Position vector of the vehicle relative to the midpoint of the earth-
moon line

Magnitude of 51

Magnitude of R
: 2
Angular ‘velocity vector of earth-moon system

Magnitude of w

. Gravitational constant times mass of the earth

Gravitational constant times mass of the moon

. Lagrangian function

Momentum vector

Hamiltonian function

Genefalized coordinates conjugate to P;
Generalized coordinates conjugate to Pi
Genémlizéd momenta conjugate to q;

Generalized momenta conjugate to Qi



[3

.

el
o
N’ upar®

Q

AN

SO
e’ e S

Rz(ql)

s @,)

Time-~dependent generating function

Time

Integrable part of the Hamiltonian

Diéturbing function

Energy constant for I-I1

Time-independent generating function
Action variables
Angle variables

Frequencies for two fixed center problem

Elliptic coordinates ‘
- .prolate spheroidal
coordinates
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Angle measured around x -axis

Half the distance between earth and moon

Momenta conjugate to prolate spheroidal coordinates

Rectangidar coordinates in a system with earth at (¢, o, 0), moon
at (-c, o, o) and §} " in the z direction

Angular momentum about the line of centers in the two fixed

' center problem

Third dynamical constant of motion of the two fixed center problem

Fundamental quartic associated with q;

Fundamental quartic associated with a4,

Parameter in terms of which coordinates and time of the two fixed
center problém are given
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REPUBLIC AVIATION CORPORATION

Farmingdale, L.I., New York

THE HAMILTON-JACOBI FORMULATION OF

THE RESTRICTED THREE BODY PROBLEM ,

IN TERMS OF THE TWO FIXED CENTER PROBLEM
By

Mary Payne
Samuel Pines
Summa

- This report contains a development of the classical Hamilton-Jacobi
perturbatipn techniques, applying the known solution of the Two Fixed Center

"Problem to the Restricted Three Body Problem.

' SECTION I - INTRODUCTION

'This report contains an outline of the development of a perturbation
procedure for solving the restricted three body problem, using the solution

. of the two fixed center problem as an intermediate orbit. In the restricted

problem, it is assumed that the two primary bodies move in circles about
their center of mass, the barycenter. The primary bodies will be fixed in a
coordinate system rotating with their angular velbcity, so that the use of the
two fixed cénter problem is immediately suggested. The two fixed center
problem was first treated by Euler, who discovered that its equations of
motion are separable in prolate spheriodial coordinates. A very complete
discussion of the two fixed center l;roblem Jhas been given by Charlier(l).-
This treatment covers some of the same ground as this report. It is from the



Hamiltonian point of view and includes a discussion of the action and angle

‘variables, and the way in which the two fixed center problem would be used

as a basis for a perturbation theory for the restricted problem. The only
thing missing from Charlier's treatment is an explicit solution of the two

fixed center problem, which would be necessary for the aétual application to
the restricted problem. Forx;nal expressions fér the action and angle variables
are obtained from a more modern point of view by Buchheim{z). Brief
discussions of the two fixed center problem are given in many standa.'rd text
books such as Whitta.ker(3), Landau and Lifschitz(4) and Wintner(s). The

"explicit solution of the two fixed center problem has been obtained by Pines

and Payne(e). In the present report, this solution will be combined with a
Hamiltonian development of the problem to show how perturbation equations
for the restricted problem may be obtained. A different development has been
carried out recently by Davidson and Schulz-Arenstorff(7). In this theory,

_the initial conditions of a two fixed center problem are used as parameters

. and a first order correction for the restricted problem is obtained in closed

form. Second-order corrections are obtained by a numerical curve-fitting
scheme.

In this report, Section II will contain a discussion of the restricted
problem, ;;.nd the way in which the two fixed center probiem will be used. In
Section III, the solution of the two fixed center problem will be outlined in
sﬁfﬁcient detail for the determination of the action and angle variables, which
is carried out in Sections IV and V Finally in Section VI a summary will
be given of the essential steps still necessary to obtain the solution of the

restricted problem.
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 SECTION II - THE RESTRICTED PROBLEM

The equations of motion of the restricted problem are

) _1 ‘_2 1
R =-p—% - w5 | @
AI'1 ’ 1'z .

where R is the positioﬁ vector of the vehicle in a coordinate system fixed in
space; ‘31 and _I_lz_ are respectively the position vectors of the vehicle from
earth and moon (with magnitudes r and rp), and g and y' are the gra.vita'-
tional constant times mass'of the earth and moon, respectively. Since the
barycenter (center of mass of earth and moon) may be regarded as a point
fixed in space, the vector R will henceforth be regarded as relative to a
system'fixed in space with origin at the barycenter. The earth.and moon are
taken as moving in:circles about the barycenter with angular velocity vector
2. To use the two fixed center problem as an approximation to the restricted
problem, it is necessary to write the equations of motion in a coordinate
system in which the earth and moon are fixed. Such a system is one rotating
about the barycenter with angular velocity £ relative to the fixed system.
Denoting the position vector in the rotating system by R', the equations of
motion (1) become

. R, B :
B o=-p— - @ = -2QXR-QXQXE) @
.rl rz

It is readily shown that the Lagrangian for the equations of motion (2) is
. : . |
X=%R'Z+Q-1§vxg'+%@xgv)2+£'+-§‘— 3)

1 T2



and hence the momentum vector conjugate to the position vector _13' is given
by

P =gradp X=R"+Q xR @
and the Hamiltonian for the problem is
!
H=P-Rl-of=%-P2-Q-R'XP'——“—-’-&- )
: = = = = = r r
1 2
and the Hamiltonian equations are
. , . Bl ‘ '132
_13=-gradR/H=-£_2X2-u—§--]J-—— (6)
| I Ta
and
R'=grad, H=P-0 X R @)

It will be noted that Eq. (7) is equivalent.to Eq. (4), and that if P is replaced using
Eq. (4), then Eq. (6) will yield the equations of motion (2).

The solution of the I:esti'icted problem will be carried out by making use of
a transformation theorem (Reference 1, Chapter 11 and Reference 12, pp 237 to
246) which states that if the Hamiltonian of a system is H (qi, Py t) with q and
P; canonically conjugate coordinates so that the Hamilton equations

_ o H o H
9 = 3p 8)

are satisfied and if ¥ (q., P., t) is any function, then the variables Q. and P,
i’ i . i i

defined by

Q= aaP. =Q @y Py By ='a%‘di’— =p;@p Py B) ©)
1

i
are canonical variables for a new Hamiltonian

H=H+3L . " (10)
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regarded as a function of Qi’ Pi and t, so that

e ]|

.'_a s 3H
%4 73p 0 PiTTag (11)

-0

Now let the Hamiltonian be separated into two terms
H = Hl (qi’ pi) + Hz (qi’ Py t) (12)

with H1 independent of the time and such that the partial differential ei;uation

3, 3,
5q ) * =0 12)

Hp @ 3t

possesses a solution for 1 It is seen that if the function ¥ 1 is used in the trans-

formation theorem then the Hamilton equations become

3Py
. _a(Hl+H2+——dt ) aHz
Q; = 3P, = 3P,
14
39, 14
5 A A Hy +—557) 3H,
i~ 3Q, -7 3 Q;

" by virtue of the defining Eq. (13) for "bl . Further, from Eq. (13), it is evident

that, since H, is independent of time,

1
zpl = - ht + W(g; . Pi) ‘ (15)
. with
3W - oy
H, (fli, —a—ai—) -h =20 (16)

and the momenta Pi must be identified with the constants of integration of Eq.
(15) and h, the separation constant for the time. This is not to be interpreted as
meaning that the P, are constants of the motion for the Hamiltonian H. If this
were so, the right-hand sides of Eq. (14) would have to vanish. What the solution
of Eq. (16) for W does is to specify a function of q; and three new variables Pi'



‘This function may be used to invert Egs. (9) to obtain 9 and pi' in terms of the

new variables Pi and three others Qi' These expressions for q; and p; may now
be inserted in H, for use in Egs. (14) from which Q and P, may now be obtained

as functions of time. The solution of the problem associated with H will then be

given by substituting the solutions Qi and Pi of Eqs. (14) in the expression for
9 and P;-

To actually carry out the inversion of Egs. (9) it- must be noted that the

functional form of ¥ 1 does not depend on the disturbing function ultimately to

be used. It depends rather on how the identification of the Pi is made with the
integration constants arising in Eq. (16). The conventional procedure is to re-
gard Hl as the Hamiltonian of a new problem and identify the Pi with the action
variables J i of this new problem. The action variables are always three inde-
pendent functions of the integration constants and hence are themselves constant
for the problem associated with Hl' Once the functional relation between the

Pi and the integration constants is determined, by identifying the Pi with the
actionAvariables J5 of Hl’ the conjugate coordinates Qi are defined by Eq. (9).
It will always happen that Pi and Qi so defined are constapt if the Hamiltonian
is H, because from Eq. (13)

3 M albl')
- Y ~
' (17)
>H ———wl)
+
L 1 X )
g =P =- TN =0

Once the functional relation between q; and P; and Qi and Ji is estabh.ished,
however, the problem associated with I-I1 is no longer of interest. The disturbing
function H2 is expressed in terms of Qi and Ji and the solution of the problem

associated with H is obtained by integrating Eqs. (14).

A slightly different formulation of the problem is obtained if the time inde-
pendent function W of Eq. (15) is used as the generating function of the trans-

formation rather than ¢ 1 The variables w, conjugate to the action variables
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~

J ; are the angle variables of the problem associated with H The relations

1
between the LA ‘and the Qi are given by '

3w B(zbl-u-ht)

_ oh _
WiT3TS a3 TQttyy TVittQ (18)
i i i
‘with
_, 9 ' :
Vi =¥ 39, ' 4 (19)

1

being functions of the action variables. The perturbation equations for these

variables will be given, according to the transformation theorem, by

IW
B(Hl+Hz+--—-—--at ) aH2

w., = = +v
i aJi in 1
20)
AW (
j o= - o, +Hy + 3¢) _ oH,
i~ Bwi Bwi

since W is independeﬁt of time and H, ='h depends only on the action variables

: 1
and not on the angle variables. The advantage of using the angle variables rather
than the Qi is that it will always be possible to expand H2 in a multiple Fourier

series in the angle variables and eliminate its explicit dependence on time.

To use the two fixed center problem to solve the restricted problem, the
Hamiltonian (5) for the restricted problem may be separated into terms H1 and

H2 as follows:

1 2 u
H =5p -— - — , (21)
1 2 r1 ry
Hy=-Q-R "xp (22)
If H1 is regarded as a Hamiltonian, the associated Hamilton equations are
R'= - grad JH, = P (23)

Pl =



and

H =-pu =R’ (24)

l.) = - gradR + Hy
These last equations are just the equations of motion for the two fixed center prob-
lem, so that Hl is the Hamiltonian of the two fixed center problem. Thus the pro-
cedure will be first to find the action and angle variables of the two fixed center
problem and then express the disturbing function -

H2='Q°RIX£ (25)

in terms of these variables.

Before proceeding with the details of this procedure, it is (fesirable to make
two further transfofmation of the coordinates. The first will be to a coordinate
system with the origin at the midpoint of the earth-moon line with the earth and
moon on the x-axis at (c,0,0) and (-c,0,0) respectively. The distance between
the earth and moon is thus 2¢c. The z-axis will be taken in the direction of .
The only term in the Hamiltonian affected by this transformation is the Q - R'X P

term in which R " is measured from the barycenter. From Figure I it is evident

Vehicle

I

Moon

Barycenter Earth

Figure I

8
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/
that, since the barycenter is at the point (c H—, 0, 0) the position vectors of the

. vehicle i'elative'to the midpoint are related by

N
R' =R -te 57 @8

where i is the unit vector in the x~direction. Thus the disturbing function
becomes

-0 -BExpP b
P=-Q -RXP+ew e (- P) @7)

= e . I.
Hy=-Q R

where j is a unit vector in the y direction.

The second transformation will be from rectangular to prolate ellipsoidal

-coordinates, in which the Hamilton-Jacobi equation for the two fixed center prob-

lem is separable. This transformation may be effected by the generating function

| P 2. 2 3
F = cqq, B+ ola - D -g,)) coso P +ellg P~ 11 -a,)) sing B,
e8)

with the new coordinates 47> 99> <p', P1» Pos and p(p related to the old ones x,y,
z, P, P, andP by
¥ z

X = aF p, = A.}?_.
: an 1 aql
QF 3 F
y = Py = (29)
aPy 2 aq2
_oF _ o F
z= 3P, Po= T30
9



From the equations for x, y, and z if is seen that

X =cq;q, ' '

<
it

c \/(qlz— 1)1 - q22) cos ¢ (30)

N
]

c ‘[(qlz- na - qzz) sin ¢

In this system the surfaces q = const 2 1 are ellipsoids of revolution about the
x~-axis confocal about the earth and moon. The limiting surface q = 1 is the
portion of the x-axis between the earth and moon, and the ellipsoids increase in
size with increasing qq- ‘The surfaces -1 s qy = const < 1 are hyperboloids of
revolution about the x-axis, confocal about the earth and moon. The limiting
surfaces q, = 1 and q = ~1 are the portions of the x-axis to the right of the

earth and to the left of the moon, respectively. The surface qy = 0 is the y-z

plane and surfaces corresponding to positive values of q, are hyperboloids con-

~cave towards the earth while those corresponding to negative values of q, are

concave towards the moon. The angle ¢ is measured in the y-z plane about the
x-axis and is zero in the portion of the x-y plane for which y > 0. From Eq. (30),
it is easy to show that r and r, which appear in the Hamiltonian (5) are given

by ‘

T =l -
(31)
Ty =9 * 9
Tke equations for P> Py p<p are
2 2, .
, cq,(1-q,) coso cq (1 -q5)sing
p,=c¢cq,P_+ P + p
1 2 X ’\/ 3 ) y ‘\/ 2 2 z
(@ -1 1-a5°) @ -1 -qy")
(32)
2 2 :
cqy (q1 ~1) cos¢ cqy (q1 -1) sing
Vig2-1(1-a,%) Via2-1a-q,%)
10
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2 2. . 2
-C \/(q1 -1)(1 -4, ) sin¢@ Py+ c\[(q1 -1)(1—q22) cos Pz

o
il

(32)

Inverting these equations to obtain Px’ Py and Pz in terms of Py» Py and p 0 one
obtains for H

1
' ’
H =-1—P2_£_-L
1 2 T T
2
2 2 2 2 2
(9, -1)p (-9, ) py . p
_ 1 [ 1 1 + 2 2 + ¢2) ] (33)
9c2 2_ 2 2_ 2 2_1v(1 —q. 2
q; -9 q; -4 @ -bHd -q;)
U W

T gy clay+ay

and for the disturbing function

3
~ af-na-a) . ,
Hy =@ { 7% °°s‘p[plq2 “Pody * i P19y 'pzqz)]

9 "%
34
‘ pglsin ©
- 2
Va2~ 1 -q,)

p-y
(qlq2+7‘ +,u’)}

This completes the preliminary discussion of the problem. The following sections
contain the solution of the two fixed center problem which will be useful in the sub-
sequent determination of the generating function W from Eq. (16) and the action

and angle variables for.the two fixed cente;' problem which will be the w, and J i of

the perturbation Eqs. (19).

11



SECTION III - SOLUTION OF THE TWO FIXED CENTER PROBLEM

The Hamiltonian for the two fixed center problem, obtained in the last sec-

tion is
2 2 2
e (9t 2 @) o Po ]
2c21qz-q2p1 a9, >~ a5 %2 (@2~ 1) (1-a,7)
T S 1 72 1 2
, (39)
K K

T e -q) (@ +ay)

The generating function Wy, 9y» ¢, P, Py, P), Which will ultimately be used
to obtain the w, and P, for the perturbation equations is also a very convenient
device for obtaining a direct solution to the two fixed center problem. Recalling

that for the transformation to be canonical, one must have

p, = ai‘;—"-l
Py = 3, (36)
Po = Sa%
and
Q; =% (37)

Replacement of Pis Py and p(p by the partials of W with respect to 95 99> and ¢,
respectively, in Eq. (35) gives a partial differential equation for W which is sepa~-

rable. That is, a solution of the form

W =W, (@ P) +W, @ P)+Ws(©, Py ; (%)
exists. It is a fairly simple matter to verify that

12



W\ s oW 2 2e® 2
dql/ NERH 1 (q12_1>2 1
2 2 |
<dwz> (AW 2 ¢ ay 9
d =\3 =Py = 55 2
9 9% L -ay)
2 2
(dW:a) _O3WN 2 2
do/ “\So ./ “F =
- where v
2 L2 2 u+u’ o?
R @) =@ -0 e B g o8- (40)
2 9 _u/ az @
R R A M (41)

In Equations (40) and (41), h is the constant energy of the two fixed center problem
and is to be identified with the constant h of Equation (15) in the. previous section.

The separation constants are & and 8. It is easily shown that o is the x-component
of angular momentum about the line of centers. The constant 8 has no such simple

interpretation.

At this stage everything necessary for the solution of the two fixed center prob-
lem is available; further discussion of the generating function will be deferred to

the nexf section.

The Hamilton equations for the two fixed center problem give the time dc-

rivatives of 91> G and ¢ as

oH, p; 9 -1

q, = =
1773 3 2
R X
| (42)
2
°H; Py 1-9,
= 3p, 2 2
R O’ -a,
13



P
. OH
R W e R ) (42)
Combination of these equations with Equa:tion (39) yields
o <2 R @)
1 ¢ 2,
9 "9
53 S (qZ) '
% ="% T3 (43)
o
o= 5

o @2-1) @ -q,)

A preferable form for these equations is the following in which a parameter

u is introduced which completes the separation of the variables:

dg dq

1 2

® "5 - (*#4)
| 2 2 -

dt = ‘; (q,” - a,”) du (45)

r

do = —— | 21 ¥ lzjdu (46)

cy 2 9 -1 l-q2

From Equation (44), which leads fo elliptic integrals of the first kind, 4
and q turn out to be expressible as elliptic functions of u. Using these expressions
for q, and q, in Equations (45) and (46), it is then possible to obtain t and ¢ as
functions of u. The integration of Equations (45) and (46) involves elliptic integrals

of the second and third kinds.

The form of solution of Equation (44) depends on the nature of the roots of
the quartic expressions R2 and SZ. These roots are uniquely determined by the

14
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three dynamical constants h, o and 8. It is shown in Reference 6 that if

h < 0, R2 must have four real roots, two of which exceed unity and the other
two lie in the interval @1). Further, R2 is positive between the largest roots
and also between the smallest. Since, however, qy must exceed unity, it
follows that q, is constrained between the largest roots. Thus, if the roots of
R2 in order of decreasing magnitude are denoted by riy Ty, Tgs Ty it may be
said that

-l1<r, <r <1<.r<q1<r (47)

4 3 2 1
This conclusion may be stated a little differently: the bounds r and ry on q
represent two ellipsoids. (the larger corresponding to rl) which bound the region

in space in which the vehicle may move.

The corresponding results for the quartic S2 are more complicated: none

of the roots exceed unity and at least two lie in the interval (£1). The other two

may also lie in this interval, may be real and both less than -1, or may be com-

plex. The quartic is positive between the two largest roots and between the two

smallest, if they are real. Since q, must lie in the interval (1) it follows that

the orbit is constrained between thedtwo largest roots or between the two smallest
if they also lie in the (+1) interval. If all four roots of S2 are in (1), knowledge
of the position of one point of the orbit specifies whether g is constrained between
the largest or the smallest roots; transitions from one band to the other cannot
occur, since if 82 becomes negative, qz becomes imaginary. The roots of 82

in the interval (5:1) correspond to hyperboloids bounding the motion in space.

Summarizing the above results for negative energy, two possibilities for
bounds on the orbit occur. These are shown in Figures II and III where the shaded

areas are regions in which motion may occur.

15



..]_<'r4<r3<1<r2<vql<r1

either s3, s4< -1
'1<52<q2<51<1{

s, complex

or S3, 4

TFigure I

_1<s4<s3<s2<q2<sl<1

-1<s <q2<s <g.<s8,<1

4 3 2 1
-l<r4<r3< 1<r2<ql<rl
Figure III
16



If one thinks of h, & and B8, which determine all the roots of R2 and 82 as

' being three dynamical specifications of a two fixed center orbit, it is clear that

any remaining specifications must not violate the bounds on the region in which
the motion can occur. That is, these bounds impose constraints on any further
specifications. Actually, not even h, & and B can be arbitrarily selected: they
must lead to roots of R2 satisfying Equation (47) and roots of 82 satisfying one
or the other of the following:

@ -1l=<s,ss <1 and either s <lors complex

1 3° 54

(b) -lss4Ss3Ss25slsl

s S
3° 54 48)

If the energy is positive, it may be shown that R2 has one root, say r) ex-
ceeding unity and is positive for q exceeding r- The other roots are all less

than 1." The quartic S2 has two roots 83 < 8, in the interval (1), and one on each

~side of this interval. It is positive for s, < q, < s,. Thus in this case the motion

must take place in the unbounded region shown in Figure IV.

7

=
t=iy

q>r, >1
-1< 53.<q2<s2<1
Figure IV

17



As noted above, q, and q, are expressible in terms of elliptic functions
of u. The particular elliptic function occurring depends on the nature of the roots.

In all cases, see Reference 6,

Aif(czi(u+ﬁi))+Bi

a, “9)

! Cif(ai(uﬂsi))-l'

The Ai’ Bi’ o, are constants depending only on the roots and hence on h, & and

B. The constants Bi depend on h, oo and B as well as whatever additional spec-
ifications are made to select a particular orbit. For s the function f is an sn

or dn function according as h is negative or positive. For do» h<o, fisan

sn or cn function according as all four or only two of the roots are real and if

h > o, f is a dn function. It is evident, of course, that 9 and q, are individually
periodic in the variable u. The periods of Q and q, are, however, in general
non-commensurable, so that the motion in space of the vehicle will, in general, be
nonperiodic. The quarter periods of 9 and qq are 'usually denoted by K1 and K?_,
respectively, and it may be shown that these quarter periods depend only on the
roots of R2 and Sz, respectively, and hence only on h, & and 8. From the way
in which the Bi occur in Equation (49), it is evident that they represent a phase.

In fact, it is assumed in Equation (49) that u = o corresponds {o some point on

the orbit, say the initial point, and the Bi represent the variation in u required

to get from this point to one of the extreme values of q; - that is, to a point of
tangency with one of the bounding ellipsoids for s and with one of the bounding

hyperboloids for o

The integration of the equations for time and ¢ leads in all cases to the

following forms (consult Reference 6)
t=(@m -n)u+F @ +F, (u) (50)
©= (ml + m2) u + Gl(u) + Gz(u) (1)

where n, and m, are constants depending on the roots of Rz, and n, and m, depend
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B

on the roots of ,Sz. For negative h, the functions Fl(u) and Gl(u) are
periodic functions of u with period 2K1, while Fo) and G, (u) are periodic
with period ZKZ'. For positive h, the functions Fi and Gi become logarithmic.
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SECTION IV - DETERMINATION OF THE GENERATING FUNCTION

The differential equations for the generating function, Eqs. (39), may be

written

dW; 3w _J2¢

= R
dq1 aql q12_1
dWy 3w _J2e
dq, dqy, ;.2 ° (52)
Ao 9 1-q,
do 3

These are ordinary differential equations, and integration again leads to elliptic

integrals. Before carrying out the integration, however, some discussion of the

limits on the integrals is necessary. It will be recalled that the generating function

was to be a function of six variables.

W =W (q;, dp & P, Py Py) (53)

and the differential equations (52) give only three of the six partial derivatives of

W, Now the dependence of W on ;s 99 and ¢ can be carried by the upper limits of
tl:e integrals resulting from Egs. (52). These upper limits should be simply 9

d5» and ¢, respectively. Recalling further that the momenta Pi are supposed to

be constants, and noting that three independent constants h, & and B already are
explicitly in Eq. (52), it is evident that these three constants or some three in-
dependent functions of them must be identified with Pi' It is convenient at present
to identify h, « and B8 themselves with Pi and defer to a later stage in the develop-
ment any more complicated identification. If this is done, it now becomes obvious
that the lower limits on the integrals must be either functions of h, @ and 8 or |

absolute constants. This is so first because W is a function only of dyr Qg @

20



* In the two fixed center problem however, the lower limits r

and the Pi’ and, since the integrals will'be functions of their limits, only these
quantities and absolute constants may be included in the limits. Secondly, the
upper limits have already been taken as dgs qé', and go, and recalling that the
partials of W with respect to Qys 9 and ¢ must be pl’ Py and p o 1O further
dependence of W on d1s 9o and ¢ can be allowed without mod1fym0' the p's from
which the equations (52) for W were obtained in the first place. The only remain-
ing prcblem', then, is to select lower limits which depend only on h, @ and 8. For
the integral for Wl’ the variable is q, which has bounds on its variation. The ‘
bounds depend on h, & and 8, and since ry is a bound whether the energy is
positive or negative, it is a satisfactory lower limit. For W2 the bounds vary
with the particular conditions of the problem. However, for orbits approaching
both Earth and Moon, the bound S, always occurs, and will be selected as the
lower limit. For W3, the sxtuatlon is a little different. The variable is ¢, and
reference to Eq. (43) shows that ¢ has the sign of & and is thus monotone. Hence
any absolute constant is acceptable as a lower limit and 0 will be selected. 'The

generating function may now be written:
W (ql’ q27 <P, h, a9 B)= Wl (qll hv a: B) + W2 (q2’ h’ ai B)+W3 (<p) h.: O‘ B)

9 ) '
' “» R e
=vie|_ 5— da, +v2c|_ —£— dg,rap (54
1 q -1 : 2 1.-(:12

where W3 is integrable directly. It might be remarked at this stage that there is
an essential difference between this generating function and the corresponding
function for the Kepler problem. The upper limits in the integral occurring in

both génerating functions may be regarded as the coordinates of a point on the orbit.
In fhe Kepler problem, the lower limits correspond to the perigee distance for the
radial integral and to zero for the twd angle integrals. This may be regarded as a
point on any orblit, since the angles may just be measured from the perigee point.

1* So and 0 may be
regarded as a point only on a very special orbit ~=- namely, one which is simultane-
ously tanvent to the ellipsoid ry and the hyperboloid Sos and this tangency must

occur in the x-y plane.
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To complete the canonical transformation generated by W, the Pi will be
identified with h, & and 8 as follows:

1 “h
P, = Pg = B (55)
P, =P, =a
The conjugate coordinates Qi then become
2 2
0. -q<-W_c 1 h dgy o % % 99
1 %h 3 J2 ) R J2 .8 S
ry 2
— dq q, dq
a 3w e % o 92 9
Q=Q=35g =~ 72 | R T2 3 (56)
r ]
1 2
3 W _ W20 U 44 J2a 92 99
W= Fa T 2 o | . T
rl (ql = 1) R 52 (1 -qz )S

In differentiating the iﬁtegrals in W there are really three terms for each integral:
one is the integral of the derivative of the integrand and the other two are obtained
by evaluating the integrand at the limits and multiplying by the derivatives of the
limits. The terms corresponding to the limits vanish, because the upper limits
are not_func.ﬁons of h, & and B, the integrands for the q and qy integrals vanish
at the lower limits, and the lower limit of the ¢ integral is an absolute constant.

It will be noted that all the integrals occurring in Eq. (56) have forms
identical with one or another of those occurring in Eqs. (44), (45) and (46) for
the determination of qy> 9o t and ¢ as functions of u. The only difference is that
in reference 6, where the integration of Eqs. (44), (45) and (46) is carried out

in all detail, the lower limit on u was taken as zero. Here the lower limits are

roots of R2 and Sz.
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"~ Of the three Qi’ Q 3 has a relatdily simple interpretation if one replaces dq1

- and dq2 by du in accordance with Eq. (44). Then Q 3 becomes

~a(g,) ,.:u(q )
Qﬁ=-[~f7’§-i V' oqu - 2 du]

“u(r;) : u(s,) - 57) -

= 7 wE) -ulsy)

since the upper limits correspond to a point on the orbit and therefore represent

the same value of u. Thus QB appears proportional to the variation in u associated
with a transit from tangency with a hyperboloid totangencywith anellipsoid. Since
the orbit is not, in general, periodic this statement does not yet uniquely define"
QB. To arrive at such a definition, it may be noted that ip terms of the canonical

variables Pi and Qi the Hamiltonian becomes

so that the Hamilton eduatjons in these variables are:
P1=P2=P3=.h=a=ﬁ=0 + (59)
and
Qy=Qg=0, @ =1 (60)
therefore

Qa and Q g are constants and

Qh=t+const=t+C (61)

The values of h, & and B may be obtained from a set of initial conditions. The
values ofQ., Q 3 and C may be obtained from the initial conditions also, pro-
vided it is agreed that the q =Ty and 4y = S, are to be associated, say, with the
tangencies' to the ellipsoid r, and the hyperboloid S closest to the initial point.
Other identifications of q =1 and dp = Sy will lead to Q's differing from those
just defined by muitiples of the periods K, and K2
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If one applies the same analysis to Qh and Qa as used for Q 8 (replacing
dq1 and dq2 by u), the following expressions are obtained:

| | e "0 9 -0 2
Q. =t+ ¢, du - q,” du (62)
| h 72 | ) 1 Ju(sz) 2
or
.0 0
i 2 2
c =-% q,” du - q,” du (63)
TR [Ju(rl) 1 ‘us) 2 ]
and
2
* ° ueyp g -1 u(s,) l-qz2
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SECTION V_~ ACTION AND ANGLE VARIABLES

The action and angle variables are conventionally defined only
for conditionally periodic systems, which means that for the two fixed
center problem the development can be made 6nly for h <0. The
action variables are defined in terms of the generating function W, as

follows:
Rdg
Jl=3g %Y‘V dq1=J20§ —
] q -1
‘ Sdq
2 1- q2
2r W
= —— d —
J3 f e © 2T«
o
where the integral for J 1 is taken over a complete cycle of variation
of q - i.e. from ry to r, and back to r while that for J2 is over a
complete cycle of J 9 from S, to Sy and back to Sy These integrals
can, for the most part, be reduced to the forms already encountered
as follows:
Rdq 2 dq
J1=“/2°‘§ 21=¢203C.§¢ R1
' a -1 9 -1 (66)
4K, 7 o
O S A O e _ ] du
_A,zc:0 ~hq + P 9 B 202(q12_1)
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~ substitute for h, o, and B in W to obtain W as a function of 9y, 99> @ J

A complete cycle of variation 9 corresponds to a variation in u of

4 K,. Now the first term in this integral has the form of the dependence

" of the time on ql, and, referring to Eq. (50) it is seen that the periodic

part F. will vanish and hence the contribution of the first term to the

1
integral is8hn1K1. Similarly the last term has the form of the 9,

part of the ¢ integral, Eq. (51), and will contribute - o - 4m1 Kl' The

‘B term contributes just -42 ¢ 8 - 4 K,. The only new integral to evalu-
ateis '

4K, ,
'[0 q, du | (67)

o This integral, too, turns out to be expressible as a linear term in u

plus a periodic one, so that for the limits given, it contributes a term

W2 (u+ p') £+ 4K, where £, is the coefficient of the linear term. Thus,
finally,

— ' - -
Jl-8h.an1+4“/2(u+y)/z11<1 4J2c_8K1 4gm, K, (68)

In an exactly similar fashion

J2=—8hn2K2+4J2(u—y') £2K2+4,\/203K2-4am2K2 (69)

To obtain the angle variables conjugate to the action variables, it is
necessary to recall that the original condition imposed on the Pi was only
that they be constants. Identification of the Pi with h, o, and 8 is only one
possibility; any three independent functions of h, &, and g would serve as
well and, in particular, it is now desirable to identify Pi with J i Now
the generating function W is given in Eq. (54) in terms of s dg» O, h,a, B,
and ry and 8y. The roots ry and s, are, however, functions of h, ¢ and
8. Now if Eqs. (68) and (69) together with the third of Eqs. (65) be inverted

to express h, ¢, and g8 in terms of J 1’ J 9 and J,, it will be possible to

3’

1’
J 99 and J 3+ It should be remarked that the inversion to obtain h, ¢, and 8
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in tefins of J J2 and J3 is not an easy task since the coefficients Ny, N, 11
2, ml, m2 are very comphcated functions of h, @ and B. \evertheless the .

procedure is possible in prmc1p1e and the angle variables Wy conjugate to the

?

J's are given by the partial derlvatlves of the generating funculon w w1th re-—
spect to the J's

W :
W = sy 7, (70)

One may. obtain expressions for the Wy without actually performing the inversion,
by writing the derivatives of W with respect to J i in terms of its derivatives with

~ respectto h, &, and B

3W_ _ 3W dh _ 3W 3a _ 3W 38
1783 T %k 33, T3a 33 T 3B 34

(71)
- o Jh o
"% 35 "% 53, © % 57,

g

)

- from Eqgs. (56) defmm@ the variables conjugate to h, « and B. Or, recalling

Eq. (62) for Qh’

3h 3 - '
(t+c) STt % 35 % 3 o m

where C, Qa and Qﬂ are constants.

The derivatives of h, & and 8 may be expressed in terms of the n*s, m's,

4's and.K's occurring in Egs. (68) and (69) by first obtaining the partials of the

" J's, with respect to h, o and B from Egs. (65), and then mvertmg thelr Jacobian

‘matrlx The results of this calculation for the Jacobxa.n are

RN c4n Ky -2J/2 cK 4m1K1- N
J\hﬁa/ =| -4n, K, 2V2 ¢cK, -4m2K2 (73)
0 ' 0 27
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and its inverse is

1 1 my Yy
4Kl(n1 - n,) 4K2(n1-n2) 2m (n1 - n_2) |
h B ag 2 n, J—z—nl N2 (nlmz-l'nlné)
J \J1J2J3/' 4cK, (n; - n,) 4cK, (n, -n,) ' 277 c(n, -‘-nz)
1
0 0 T
so that, finally
w - t+C /2 n, Qg
! 4=K1 (n1 -n2) 4.CK1 (n1 -nz)
w = o trC V2 ™ Q
A A L Y
© (¢ +C) (m; +m,) ﬁQﬁ (n, my +m, n,) Qa'
W3 = 21T(n1-_n2) 21Tc(n1—n2) Tam
_. are the angle variables.
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SECTION VI - CONCLUSION

. To complete the solution of the restricted problem, it is now necessary to
express the dlsturbmg function H, in terms of the action and angle variables.
This is a formidable problem. The disturbing function is given in terms of s

do» and their conjugate momenta in Eq. (34). The momenta are given in terms

-of q;, Qyy @, h, @ and B by Egs. (39) so that H, may readily be written in

terms of these variables. Starting from the other end, the actmn variables J
and J are given in terms of complicated funct1ons of h, &, and B8 [ Egs. (68)

" . and (69) ] 'while '33 is just 27 « [ Eqgs. (65)]. The angle variables w,; are

given by Eq. (75) as linear functions of Qh’ Q ,» and Q 8 with coefflclents which

* are functions of h, «, and B similar to those occurring for J And Qh’ Q R

and Q 8 are related to dp> Qg5 ©s and h, ¢, and B by Egs. (56). Thus, the followmcr
* procedure would yield the information necessary to write H (w J; hE

1.  Express K., Kz’ zl, 22, n,, n,, m,, m2 as functions of
h, o, and B. '
S
Tam. .
invert Eqs. (68) and (69) using the results of step 1 to obtain
-h(Ji) and B(Ji).

3. Express Kl’ Kz' ,61, 22, n;, Oy, M., m, which are functions
of h, & and B8 in terms of Js-

4. Invert Eqs. (75) to obtain Qh =1+ ¢, Qa and QB as functions
of the angle variables LA and-Kl, K2,"£1, 22, n,, n‘,.ml,'
and m, . .

5.  Use step 1 to obtain Q,, Q, » 20d Qg as functions of W,
and Ji' '



6. Invert Egs. (56) to obtain q» 9y, and ¢ as functions of
Qha QCY’ QB’ h, a, and ﬁ.
7. In the expressions for Qs oo and ¢ obtained in step 6
replace Qh, Qa’ and QB using step 5 and h, o, and B
using step 2 to obtain dys 9 and ¢ in terms of Wi

and J i

8, In the disturbing function H, (ql’ q2,‘<p', h, a, B), re-
place q,, gy, and ¢ from step 7 and h, @, and 8 from
step 2 to obtain, finally, H, (w,; J)). '

Steps 1, 2, and 6 are the difficult ones in this procedure. It is relatively
easy to write "Kl, K2’, le, 22, n,, n,, m,, and m, as functions of the roots pf
the quartics and two intermediate parameters which are related to the roots of the
quartics by transcendental equations. The roots of the quartics are, of course,
functions of h, «, ahd B, but it is not easy to write out these functions explicitly.
Thus, even step 1 is quite difficult, and to perform the inversion required in step

2 in closed form appears nearly impossible.

It should be remarked, hdwever, that, at least for certain types of orbits,

| it should be possible to get fairly good approximations of these steps. For a lunar

orbit which starts from the earth, closely circles the moon and returns to the earth,
it may be shown that c:zz/zc2 is very small. This is so because such an orbit has

“very close approaches to the line of centers, and recalling that « is the angular

momentum about the line of centers, it follows that o must be small. If o were‘
zero, two of the roots of the quartics would be +1 and the other two are obtained

in terms of h and B by solving quadratics [see Egs. (40) and (41) 1. Now it is
possible to obtain the roots of the quartics for small « in terms of those for zero

& in a series of powers of a. Thus for small ¢, it is eé.sy to obtain fairly simple
apprdximate expressions for the ‘foots in terms of h, o, and B. Further, it turns
out that the transcendental equations to be inverted for the intermediate parameters
are very well approximated by just two terms of an expansion. Thus, it is feasible,

for lunar orbits, to obtain a good approximation to steps 1 and 2.
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The complete elliptic integrals

dq

) oo

¢ q, du, § 7 .9 dq
ql-l ‘

“and similar ones for Qg» have forms very similar to those obtained by thi(s) in
- his model for the oblate earth. Vinti used oblate spheroidal coordinates for his

model and the close connection between his development and that given in this
report for the two fixed center problem was first pointed out by Pines(g). The
Vinti integrals have recently been evaluated approximately by Izsak( 0) using a
technique developed by Sommerfeld(11 12) for evaluating certain contour integrals
of functions with branch points. The method is to expand the integrals in terms of
a quadratic function and evaluate the series of resulting integrals about contours |
enclosing the roots of the quadratic. The values of the integrals 80 obtained are
explicitly in terms of the coefficients of the quartics. For the method to be valid,
the expansion must converge over both the original and the final contours. This
condition is satisfied for Izsak's expansion of the Vinti integrals. However, none
of the obvious expansions for the two fixed center integrals converge over the final
contour

The greatest difficulty in following the procedure for obtaining H, fs in step
6. Eqs. (56) relating Qh, Qa' and QB with Qs 99 and ¢ are transcendental
equations and it is hard to say how well their 1nversion could be approximated by

‘gome approximation procedure, such as the Lagrange inversion .theorem.

It should be remarked that it would be possible to write H in terms of Qh,
Qo: , QB h, o, and B rather than in terms of Wy and J This is not done in the
Kepler problem because the relation between the original coordinates and time is
best achieved by a Fourier expansion in the mean anomaly rather than in time.
An expansion in time would involve far more complicated coefficients. Which set
of variables will turn out to be better for the two fixed center problem is hard to
predict at this stage.
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